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1. INTRODUCTION
In this paper we are concerned with positive solutions of ordinary
differential equations of the form
x Žn.  p t f x  0, 1.1Ž . Ž . Ž .
where n 2, 1 or 1, and the following conditions are always
assumed:
Ž . Ž .  . Ž .a p t is continuous on t , , t  0, and p t  0 for t t ;0 0 0
Ž .1.2
Ž . Ž . Ž . Ž . Ž .b f x is continuous on 0, and f x  0 for x 0. 1.3
Ž .We are primarily interested in the structure of positive solutions of 1.1
Ž .for the case where f x has a general nonlinearity. Here the term
Ž . Ž .‘‘positive solution’’ of 1.1 is used in the eventual sense, that is, x t is said
Ž .to be a positive solution of 1.1 if and only if it is defined and is positive
Ž .  .and satisfies 1.1 on some interval of the form t , , t  t .1 1 0
27
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Ž . Ž . Žn.Ž .If x t is a positive solution of 1.1 , then  x t  0 for t t , and so1
 	by a lemma of Kiguradze 2, 3 there exists an integer k, 0 k n,
Ž .nk11  1, such that
x Ž j. t  0 j 0, 1, . . . , k 1Ž . Ž .
1.4Ž .
jk Ž j.1 x t  0 j k , k 1, . . . , nŽ . Ž . Ž .
Ž .for all large t. We denote by N the set of all positive solutions x t ofk
Ž . Ž .1.1 satisfying 1.4 for all large t. The set N is often referred as thek
Kiguradze class of degree k. We use the symbol N to denote the set of all
Ž .positive solutions of 1.1 . Then the above-mentioned fact means that
N N 
 N 
 
 N for  1 and n even;1 3 n1
N N 
 N 
 
 N for  1 and n odd;0 2 n1
N N 
 N 
 
 N for  1 and n even;0 2 n
N N 
 N 
 
 N for  1 and n odd.1 3 n
Throughout the paper, k is assumed to be an integer such that 1 k
Ž .nk1n 1 and 1  1, and our attention is given to the classes N fork
Ž .such k ’s. By 1.4 we easily see that if x N , then there are a  0 andk 1
a  0 such that2
a t k1 x t  a t k 1.5Ž . Ž .1 2
for all large t; more precisely, exactly one of the following three cases
holds.
x tŽ .
lim exists and is a positive finite value. 1.6Ž .ktt
x t x tŽ . Ž .
lim  0 and lim  . 1.7Ž .k k1t tt t
x tŽ .
lim exists and is a positive finite value. 1.8Ž .k1tt
Ž . Ž . Ž .The sets of all x N satisfying 1.6 , 1.7 , and 1.8 are denoted byk
 	  	  	N max , N int , and N min , respectively. Thus, each of the classes N isk k k k
subdivided as
 	  	  	N  N max 
 N int 
 N min . 1.9Ž .k k k k
Ž .The existence or nonexistence of positive solutions in the classes N andk
Ž .the three subclasses of N appearing in 1.9 has been studied by manyk
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authors. A number of results have been obtained by restricting the
Ž .nonlinear term f x to appropriate classes of functions. As a typical
example, consider the cases where
x1 f x is nondecreasing in 0, 1.10Ž . Ž . Ž .
and
x1 f x is nonincreasing in 0, . 1.11Ž . Ž . Ž .
Ž .Equation 1.1 is said to be superlinear or sublinear according to whether
Ž . Ž . Ž .f x satisfies 1.10 or 1.11 . If there is an  0 such that
x1 f x is nondecreasing in 0, , 1.12Ž . Ž . Ž .
Ž .then 1.1 is said to be strongly superlinear. If there is an  0 such that
x1 f x is nonincreasing in 0, , 1.13Ž . Ž . Ž .
Ž . Ž .then 1.1 is said to be strongly sublinear. We easily see that if 1.1 is
Ž . Žstrongly superlinear resp., strongly sublinear , then it is superlinear resp.,
.sublinear .
Ž .Let 1.1 be either superlinear or sublinear, and let i 0, 1, . . . , n 1.
Ž . Ž .Then it is well known that 1.1 has a positive solution x t such that
x tŽ .
lim exists and is a positive finite value 1.14Ž .itt
if and only if

n i1 it p t f ct dt for some c 0. 1.15Ž . Ž . Ž .H
t0
Ž .  	Therefore we find that 1.1 has a positive solution of class N max if andk
only if

nk1 kt p t f ct dt for some c 0, 1.16Ž . Ž . Ž .H
t0
Ž .  	and that 1.1 has a positive solution of class N min if and only ifk

nk k1t p t f ct dt for some c 0. 1.17Ž . Ž . Ž .H
t0
 	 Ž .It is also known 4, 6, 7 that the strongly superlinear equation 1.1 has a
Ž .positive solution in the class N if and only if 1.17 holds, and that thek
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Ž .strongly sublinear equation 1.1 has a positive solution in the class N ifk
Ž .  	and only if 1.16 holds. For the class N int see the paper of Kusano andk
 	Naito 5 . It should be noted that these results are given under nonlinearity
Ž .conditions on f x .
Ž .In this paper the existence of positive solutions of 1.1 in the classes
 	  	 Ž .N max , N min , and N is discussed for the case where f x has generalk k k
Ž .nonlinearity. It is emphasized that while condition 1.3 is assumed, no
Ž .additional condition on f x is hypothesized. We do not require any other
Ž .conditions on f x , such as monotonic conditions or growth conditions.
Ž .Instead, we need a kind of monotonic condition on the coefficient p t .
Ž .The next condition is always hypothesized on p t :
p t is decomposable in the following way: p t  c t q t ,Ž . Ž . Ž . Ž .
c t and q t are continuous on t , ,Ž . Ž . . 1.18Ž .0
t  0, and c t  0, q t  0 for t t .Ž . Ž .0 0
Ž . Ž . Ž .Further, c t and q t in 1.18 are assumed to satisfy
0 lim inf c t  lim sup c t  1.19Ž . Ž . Ž .
t t
and
there is a  R such that t q t is eitherŽ .
1.20Ž .nondecreasing or nonincreasing on t , ,.0
respectively. Then we can prove the following theorem.
Ž .THEOREM 1.1. Consider Eq. 1.1 , and let i 0, 1, 2, . . . , n 1. For the
Ž . Ž . Ž .case i 1, 2, . . . , n 1, suppose that 1.18 , 1.19 , and 1.20 hold. Then
Ž . Ž . Ž .Eq. 1.1 has a positie solution x t with the asymptotic condition 1.14 if
Ž .and only if 1.15 is satisfied.
We note that, for the case i 0 of Theorem 1.1, the conditions
Ž . Ž .1.18  1.20 are not assumed. As a direct consequence of Theorem 1.1, we
can obtain necessary and sufficient conditions for the existence of positive
 	  	solutions of classes N max and N min .k k
COROLLARY 1.1. Let k be an integer such that 1 k n 1 and
Ž .nk1 Ž . Ž . Ž .1  1. Suppose that 1.18 , 1.19 , and 1.20 hold. Then,
Ž . Ž .  	i Eq. 1.1 has a positie solution of class N max if and only ifk
Ž .1.16 is satisfied;
Ž . Ž .  	ii Eq. 1.1 has a positie solution of class N min if and only ifk
Ž .1.17 is satisfied.
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To get a necessary and sufficient condition for the existence of a positive
solution in the class N , we impose the following conditions for thek
Ž . Ž .function q t in 1.18 .
n There is an  0 such that t q t is nondecreasing on t , , 1.21Ž . Ž ..0
or
n There is an  0 such that t q t is nonincreasing on t , . 1.22Ž . Ž ..0
Ž . Ž . Ž .Note that the conditions 1.21 and 1.22 are stronger than 1.20 .
THEOREM 1.2. Let k be an integer such that 1 k n 1 and
Ž .nk1 Ž . Ž . Ž .1  1. Suppose that 1.18 , 1.19 , and 1.21 are satisfied. Then,
Ž . Ž .Eq. 1.1 has a positie solution of class N if and only if 1.16 holds.k
THEOREM 1.3. Let k be an integer such that 1 k n 1 and
Ž .nk1 Ž . Ž . Ž .1  1. Suppose that 1.18 , 1.19 , and 1.22 are satisfied. Then,
Ž . Ž .Eq. 1.1 has a positie solution of class N if and only if 1.17 holds.k
It should be noted that, in Theorems 1.11.3, we do not hypothesize any
Ž .conditions on f x except the continuity and the positivity.
The proof of Theorem 1.1 is given in Section 2. The proofs of Theorems
1.2 and 1.3 are presented in Section 3.
Ž . Ž . Ž .Consider the case where 1.18 , 1.19 , and 1.21 are satisfied. Observe
Ž .that 1.16 with 1 k n 1 is equivalent to

Žn k .2 1 k 1 kx p c x f x dx,Ž . Ž .H
x0
k Ž .where x  ct . Therefore, if 1 k k n 1, then 1.16 implies0 0

nk 1 k t p t f ct dt.Ž . Ž .H
t0
Ž .Thus Theorem 1.2 shows that if 1.1 has a positive solution in the class Nk
Ž .nk1 Ž .with 1 k n 1 and 1  1, then 1.1 has positive solutions
Ž .nk 1in the upper classes N with k k n 1 and 1  1. Fork 
simplicity, let n be even and 1. Then, k n 1 is the extreme
Ž .case. Therefore we find that if 1.1 with n even and 1 has a
Ž .positive solution which belongs to N for some k 1, 3, . . . , n 1 , thenk
Ž .1.1 always has a positive solution in the extreme class N . Thus wen1
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Ž .conclude that 1.1 with n even and 1 has a positive solution if and
only if

n1p t f ct dt for some c 0.Ž . Ž .H
t0
Ž . Ž . Ž .Next consider the case where 1.18 , 1.19 , and 1.22 are satisfied. By
Ž .an argument similar to that above, we see that if 1.1 has a positive
Ž .nk1solution in the class N with 1 k n 1 and 1  1, thenk
Ž .1.1 has positive solutions in the lower classes N with 1 k k andk 
Ž .nk 11  1. If n is even and 1, then the extreme case is
k 1. Then the corresponding integral condition is reduced to

n1t p t dt.Ž .H
t0
It should be noted here that this integral condition is always satisfied
Ž . Ž . Ž .under the conditions 1.18 , 1.19 , and 1.22 . This means that, under the
Ž . Ž . Ž . Ž .conditions 1.18 , 1.19 , and 1.22 , Eq. 1.1 always has a positive solution.
To illustrate our results, let us consider
x Žn.  t f x  0, t 1, 1.23Ž . Ž .
Ž .where n 2, 1 or 1,  is a real number, and f x is continuous
Ž . Ž . Ž .on 0, , f x  0 for x 0. Our Theorems 1.2 and 1.3 assert that 1.23
Ž .nk1has a positive solution in the class N with 1 k n 1 and 1 k
 1 if and only if there exists c 0 such that

nk1 kt f ct dt for the case  n ,Ž .H
1

nk k1t f ct dt for the case  n.Ž .H
1
Ž .In the case where n is even and 1, Eq. 1.23 with n has a
positive solution if and only if

 n1t f ct dt for some c 0,Ž .H
1
Ž .and 1.23 with n always possesses a positive solution.
Ž .In the case n 2 and 1 the related results for 1.1 with general
 	nonlinear terms were obtained in the papers of Wong 9 and Burton and
 	 Ž .Grimmer 1 . Later the higher order equation 1.1 with 1 was
 	  	discussed by Naito 8 , and the results in 1, 9 for the second-order case
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were extended to the higher order case. The theorems in the present paper
 	give a further refinement of the results in 8 .
2. PROOF OF THEOREM 1.1
The purpose of this section is to present the proof of Theorem 1.1 in
which we give a characterization for the existence of a positive solution
Ž . Ž . Ž .x t of 1.1 satisfying 1.14 .
Proof of Theorem 1.1. We first prove the ‘‘only if’’ part. Let i
Ž . Ž .0, 1, . . . , n 1, and suppose that 1.1 has a positive solution x t which
Ž .satisfies the asymptotic condition 1.14 . Let
x tŽ .
lim  	 0, . 2.1Ž . Ž .itt
Then we easily find that
x Ž j. t i!Ž .
lim  	 for j 0, 1, . . . , i , 2.2Ž .i j i j !tt Ž .
and
lim x Ž j. t  0 for j i 1, . . . , n 1. 2.3Ž . Ž .
t
Ž . Ž . Ž .Taking 2.2 and 2.3 into account and integrating 1.1 repeatedly from t
to , we get
n i1
 s tŽ .n i1Ž i.x t  i!	 1  p s f x s dsŽ . Ž . Ž . Ž .Ž .H n i 1 !Ž .t
for t T , where T t is chosen sufficiently large. In particular, we have0

n i1s p s f x s ds. 2.4Ž . Ž . Ž .Ž .H
T
Ž .It follows from 2.1 that
	
i it  x t  2	 t 2.5Ž . Ž .
2
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for all sufficiently large t. Moreover, if i 1, 2, . . . , n 1, then it follows
Ž .from 2.2 with j 1 that
	
i1 i1it  x t  2	 it 2.6Ž . Ž .
2
Ž . Ž .for all sufficiently large t. We may suppose that 2.5 and 2.6 are satisfied
for t T.
To prove Theorem 1.1, we must distinguish between the case i 0 and
Ž .the case i 1, 2, . . . , n 1. We first consider the case i 0. Then, 2.5
Ž .with i 0 gives 	2 x t  2	 for t T. Therefore it follows from
Ž .2.4 with i 0 that

n1f s p s ds,Ž .H0
T
 Ž . 4 Ž .where f min f x : 	2 x 2	 is a positive constant. Thus 1.150
Ž . Ž .with i 0 is satisfied. Note that conditions 1.18  1.20 are not used in
the case i 0.
We next consider the case i 1, 2, . . . , n 1. In this case, we use
Ž . Ž . Ž .1.18  1.20 . By condition 1.19 , there are constants c  0 and c  01 2
such that
c  c t  c , t t . 2.7Ž . Ž .1 2 0
Ž .  Ž .  .By 1.20 , t q t is either nondecreasing or nonincreasing on t , for0
 Ž .some  R. We consider the case where t q t is nondecreasing on
 .  Ž .t , . The case where t q t is nonincreasing can be similarly considered.0
We may assume without loss of generality that  0, since we consider
 Ž .the case where t q t is nondecreasing.
Ž .1 i Ž .1 i Ž .Put 
  2	 and 
  	2 . Then, by 2.5 ,1 2
1 i 1i

 x t  t 
 x t , t T . 2.8Ž . Ž . Ž .1 2
Ž . Ž .The condition 2.1 with i 1, 2, . . . , n 1 implies lim x t   as t ,
and so we may suppose that
1 it  
 x t , t T . 2.9Ž . Ž .0 1
Ž . Ž . Ž . Ž . Ž .Using 2.7  2.9 and the conditions on p t  c t q t , we obtain
1 ip t  p 
 x t , t T , 2.10Ž . Ž . Ž .Ž .1
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where  c c1
 
 is a positive constant. In fact, we compute as1 2 1 2
follows:
p t  c t t t q tŽ . Ž . Ž .
 1i 1i 1i c 
 x t 
 x t q 
 x tŽ . Ž . Ž . 4  4 Ž .1 2 1 1
1 i  c 
 
 q 
 x tŽ .Ž .1 1 2 1
1 i1   c c 
 
 p 
 x t , t T .Ž .Ž .1 2 1 2 1
Ž . Ž .By 2.5 and 2.6 , there is a constant M 0 such that
d 1 i

 x t M , t T . 2.11Ž . Ž . 41dt
Ž . Ž . Ž .Hence it follows from 2.4 and 2.8  2.11 that
 dn i11i 1i 1i

 x t p 
 x t f x t 
 x t dt.Ž . Ž . Ž . Ž .Ž . 4  4H Ž .1 1 1dtT
 Ž .	1 iThen, letting r 
 x t and noting that r  as t , we arrive at1

n i1 i ir p r f 
 r drŽ . Ž .H 1
R
 Ž .	1 i Ž .with R 
 x T . Thus the integral condition 1.15 is satisfied.1
In what follows we prove the ‘‘if’’ part of Theorem 1.1. Assume that
Ž . Ž .1.15 is satisfied. First we suppose that i 0. Then 1.15 is reduced to

n1t p t dt.Ž .H
t0
Let c be an arbitrary positive number and put
n1c for 1  1,Ž .
 c Ž . n1½ 2c for 1 1.Ž .
It is possible to choose T t so large that0

n1f t p t dt c n 1 !,Ž . Ž .H1
T
 Ž . 4  .where f max f x : c x 2c  0. Denote by C T , the Frechet´1
 .space of all continuous functions on T , with the topology of uniform
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 .convergence on compact subintervals of T , , and let X be the closed
 .convex subset of C T , defined by
X x C T , : c x t  2c for t T . 4Ž ..
We consider the following operator  on X :
n1
 s tŽ .n1
 x t   c  1  p s f x s ds, t T .Ž . Ž . Ž . Ž . Ž . Ž .Ž .H n 1 !Ž .t
Ž .Then it can be shown without difficulty that i  x is well defined for
Ž . Ž . Ž . Ž .x X ; ii  maps X into X ; iii  is continuous on X ; and iv  X is
relatively compact. The verification is left to the reader.
Thus we are able to apply the SchauderTychonoff fixed point theorem
to the operator . Let x X be a fixed point of . It is immediately seen
Ž . Ž .that x t is a solution of 1.1 for t T and has the property that
Ž . Ž .lim x t   c  0. This proves the ‘‘if’’ part of Theorem 1.1 in thet
Ž . Ž .case i 0. We remark that the conditions 1.18  1.20 are not used in the
case i 0.
Ž . Ž .Next we consider the case i 1, 2, . . . , n 1. In this case, 1.18  1.20
Ž .  Ž .are used. We have 2.7 . Moreover, we may suppose that t q t is nonde-
 . Ž .1 icreasing on t , for some positive number  0. Put 
  2c ,0 1

  c1 i, and  c1c 

 . Here c is a positive constant appearing2 1 2 1 2
Ž .in 1.15 . Choose T t so large that0

Ž i1. i ni1 i2  t p t f ct dt ci! n i 1 !. 2.12Ž . Ž . Ž . Ž .H
T
1 . 1  .Let C T , denote the Frechet space of all C -functions on T , with´
Ž .the usual metric topology. We have the convergence x  x j  in thej
1 . Ž . Ž . Ž .  Ž . Ž .topology of C T , if and only if x t  x t j  and x t  x tj j
Ž .  .j  uniformly on every compact subinterval of T , . Let X be the
1 .subset of all functions x C T , such that
ct i x t  2ct i and cit i1 x t  2cit i1 for t T .Ž . Ž .
1 .The set X is a closed and convex subset of C T , . Let
n i1c for 1  1,Ž .
 c Ž . n i1½ 2c for 1 1,Ž .
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and define the operator  on X by the formula
i1t sŽ .tn i1i x t   c t  1 Ž . Ž . Ž . Ž . H i 1 !Ž .T
n i1
 r sŽ .
 p r f x r dr ds, t T .Ž . Ž .Ž .Hž /n i 1 !Ž .s
Ž .i  is well defined on X. We will show that

n i1t p t f x t dt 2.13Ž . Ž . Ž .Ž .H
T
i Ž . ifor each x X. Let x X. Since ct  x t  2ct for t T , we have
1 i 1i

 x t  t 
 x t , t T , 2.14Ž . Ž . Ž .1 2
and we may suppose that
1 it  
 x t , t T . 2.15Ž . Ž .0 1
As in the previous argument, it can be verified that
1 ip t  p 
 x t , t T . 2.16Ž . Ž . Ž .Ž .2
Further it is easy to show that
d 1 i Ž1i. i
 x t  2 , t T . 2.17Ž . Ž . 42dt
Ž . Ž .From 2.14  2.17 it follows that

n i1t p t f x t dtŽ . Ž .Ž .H
T
 n i11i 1iŽ i1. i 2  
 x t p 
 x t f x tŽ . Ž . Ž .Ž . 4H Ž .2 2
T
d 1 i
 
 x t dtŽ . 42dt

Ž i1. i ni1 i 2  r p r f cr dr ,Ž . Ž .H
R
 Ž .	1 i Ž .where R 
 x T . Then, using 2.14 , we get2
 
n i1 Ž i1. i ni1 it p t f x t dt 2  r p r f cr dr . 2.18Ž . Ž . Ž . Ž . Ž .Ž .H H
T T
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Ž . Ž .Thus, 2.12 and 2.18 yield

n i1t p t f x t dt ci! n i 1 !, 2.19Ž . Ž . Ž . Ž .Ž .H
T
Ž .hence, in particular, 2.13 holds for x X.
Ž . Ž .Ž .ii  maps X into X. Let x X. Differentiating  x t , we obtain
i2t sŽ .tn i1i1 x  t   c it  1 Ž . Ž . Ž . Ž . H i 2 !Ž .T
n i1
 r sŽ .
 p r f x r dr ds, t T ,Ž . Ž .Ž .Hž /n i 1 !Ž .s
for the case 2 i n 1; and
n2
 s tŽ .n2
 x  t   c  1  p s f x s ds, t T ,Ž . Ž . Ž . Ž . Ž . Ž .Ž .H n 2 !Ž .t
1 .for the case i 1. Then it is clear that  x C T , . Further, we find
that
i1 ni1
t s r sŽ . Ž .t
0 p r f x r dr dsŽ . Ž .Ž .H Hž /i 1 ! n i 1 !Ž . Ž .T s
i1 ni1
t s r TŽ . Ž .t
 ds p r f x r drŽ . Ž .Ž .H Hi 1 ! n i 1 !Ž . Ž .T T
i
t
n i1 r p r f x r drŽ . Ž .Ž .Hi! n i 1 !Ž . T
 ct i
Ž .for t T. Here we have used 2.19 in the last step. Thus we see that
i Ž .Ž . i i1ct   x t  2ct for t T. Similarly, we can prove that cit 
Ž . Ž . i1 x  t  2cit for t T. Thus, if x X, then  x X.
Ž . Ž .iii  is continuous on X. Let x jN and x be functions in Xj
 4 1 .such that x converges to x in the topology of C T , . Then it is enoughj
Ž .Ž . Ž .Ž . Ž . Ž . Ž . Ž .to show that  x t   x t and  x  t   x  t as j  uni-j j
 .formly on every compact subinterval of T , . Using the definition of ,
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we have
 x t   x tŽ . Ž . Ž .Ž .j
i
t
n i1 s p s f x s  f x s dsŽ . Ž . Ž .Ž .Ž .H ji! n i 1 !Ž . T
and
 x  t   x  tŽ . Ž . Ž .Ž .j
i1
t
n i1 s p s f x s  f x s dsŽ . Ž . Ž .Ž .Ž .H ji 1 ! n i 1 !Ž . Ž . T
for t T and jN. Therefore, to prove the continuity of , it is enough
to claim that

n i1s p s f x s  f x s ds 0 as j . 2.20Ž . Ž . Ž . Ž .Ž .Ž .H j
T
Ž .As in the proof of the inequality 2.18 , we have
 
n i1 Ž i1. i ni1 it p t f x t dt 2  r p r f cr drŽ . Ž . Ž . Ž .Ž .H H
T T1 1
and
 
n i1 Ž i1. i ni1 it p t f x t dt 2  r p r f cr drŽ . Ž . Ž . Ž .Ž .H Hj
T T1 1
Ž .for any T  T and jN. Let  0. There is a T  T   T such1 1 1
that
 
Ž i1. i ni1 i2  r p r f cr dr .Ž . Ž .H 4T1
Then we have
 
n i1t p t f x t dtŽ . Ž .Ž .H 4T1
and
 
n i1t p t f x t dt for all jN.Ž . Ž .Ž .H j 4T1
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Ž .Note that the number T  T is chosen independently of jN. It is1
easy to see that
T1 n i1s p s f x s  f x s ds 0 as j ,Ž . Ž . Ž .Ž .Ž .H j
T
and hence there is a j N such that if j j , then1 1
T1 n i1s p s f x s  f x s ds .Ž . Ž . Ž .Ž .Ž .H j 2T
Therefore, if j j , then1

n i1s p s f x s  f x s dsŽ . Ž . Ž .Ž .Ž .H j
T
T1 n i1 s p s f x s  f x s dsŽ . Ž . Ž .Ž .Ž .H j
T
 
n i1 ni1 s p s f x s ds s p s f x s dsŽ . Ž . Ž . Ž .Ž .Ž .H Hj
T T1 1
  
     .
2 4 4
Ž .This means that 2.20 holds.
Ž . Ž .iv  X is relatiely compact. By the AscoliArzela theorem, it is`
 4 Ž . 4sufficient to verify that  x : x X and  x  : x X are uniformly
 .bounded and equicontinuous on every compact subinterval of T , . Let
Ž . i Ž .Ž . i i1x X. As shown in ii , we have ct   x t  2ct and cit 
Ž . Ž . i1 x  t  2cit for t T. By a similar argument, we obtain
ci i 1 t i2  x  t  2ci i 1 t i2 , t T ,Ž . Ž . Ž . Ž .
for the case n 2 and 2 i n 1;
n 2 cŽ .
 x  t  , t T ,Ž . Ž .
t
for the case n 2 and i 1; and
 x  t  p t f x t , t T ,Ž . Ž . Ž . Ž .Ž .
for the case n 2 and i 1. Thus, for any S T , we have
i i1 x t  2cS and  x  t  2ciSŽ . Ž . Ž . Ž .
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 	  .on the compact interval T , S  T , . Further, we have
i2 x  t  2ci i 1 S for n 2, 2 i n 1,Ž . Ž . Ž .
n 2 cŽ .
 x  t  for n 2, i 1,Ž . Ž .
T
and
 x  t  P F for n 2, i 1,Ž . Ž . S S
 	on the same interval T , S , where
P  max p t , F  max f u .Ž . Ž .S S
TtS cTu2 cS
 4 Ž . 4These facts show that  x : x X and  x  : x X are uniformly
 .bounded and equicontinuous on every compact subinterval of T , .
With the foregoing considerations the SchauderTychonoff fixed point
theorem can be applied to the operator . Thus we conclude that there
Ž . Ž .Ž .exists a function x X such that x t   x t , t T. It is easy to see
Ž . Ž .  .that this function x t is a positive solution of 1.1 on T , and satisfies
x tŽ .
lim   c  0, .Ž . Ž .itt
The proof of Theorem 1.1 is complete.
3. PROOFS OF THEOREMS 1.2 AND 1.3
In the present section we prove Theorems 1.2 and 1.3 which provide
Ž .necessary and sufficient conditions for Eq. 1.1 to have positive solutions
in the class N . Here, k is a fixed integer such that 1 k n 1 andk
Ž .nk11  1.
First we give the following lemmas.
Ž . Ž . Ž .LEMMA 3.1. Suppose that x t , y t , and P t are continuous functions
Ž . Ž . Ž .  . Ž .  .such that x t  0, y t  0, P t  0 on T , , and P t  0 on  , for
any  T.
Ž .i If 0  1 and
 
x t  y t P s x s ds, t T , 3.1Ž . Ž . Ž . Ž . Ž .H
t
NAITO AND YANO42
then we hae
 
y t P t dt. 3.2Ž . Ž . Ž .H
T
Ž .ii If  1 and
t 
x t  y t P s x s ds, t T , 3.3Ž . Ž . Ž . Ž . Ž .H
T
then we also hae
 
y t P t dt. 3.2Ž . Ž . Ž .H
T
Ž . Ž . Ž .Proof. i Denote by I t the integral in 3.1 . Then
d  1 I t  1  I t P t x tŽ . Ž . Ž . Ž . Ž .
dt
  1  I t P t y t I tŽ . Ž . Ž . Ž . Ž .
 1  y t P tŽ . Ž . Ž .
Ž .for t T. An integration of this inequality yields the assertion 3.2 .
Ž . Ž . Ž .ii Let J t denote the integral in 3.3 . There is a T  T such that1
Ž .J t  0 for t T . Then it is easily seen that1
d 1 J t   1 y t P tŽ . Ž . Ž . Ž .
dt
Ž .for t T . Integrating this inequality, we find that 3.2 is satisfied. The1
proof of Lemma 3.1 is complete.
Ž . Ž .LEMMA 3.2. Let x t be a solution of 1.1 in the class N with 1 kk
Ž .nk1n 1 and 1  1. Then there are constants  0,  0, and
T t such that0
tk1 nkx t   t T s T p s f x s dsŽ . Ž . Ž . Ž . Ž .Ž .H
T
k nk1 t T s T p s f x s ds, t T , 3.4Ž . Ž . Ž . Ž . Ž .Ž .H
t
and
x t   tx t  0, t T . 3.5Ž . Ž . Ž .
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Ž . Ž .Proof. Since x t is a solution of class N , it satisfies 1.4 for all large t.k
Ž .We suppose that 1.4 is satisfied for t T . We have0
tŽk1. Žk1. Žk .x t  x T  x s ds, t T .Ž . Ž . Ž .H0 0
T0
Žk1.Ž . Žk .Ž .  .Noting that x T  0 and x t is nonincreasing on T , , we get0 0
x Žk1. t  x Žk . t t T , t T .Ž . Ž . Ž .0 0
Integrating this inequality by parts, we see that
x Žk2. t  x Žk2. T  x Žk1. t t T  x Žk2. t  x Žk2. T ,Ž . Ž . Ž . Ž . Ž . Ž .0 0 0
t T ,0
which gives
1
Žk2. Žk1.x t  x t t T , t T .Ž . Ž . Ž .0 02
Repeated application of the above procedure then yields
1
x t  x t t T , t T .Ž . Ž . Ž .0 0k
Ž .Let 0  1k and choose T T such that t T k  t for t T.0 0
Ž .Then 3.5 is clear.
Ž j.Ž .It is easy to see that lim x t  0 for j k 1, k 2, . . . , n 1t
Žk .Ž . Žk .Ž .and that lim x t  x  exists and is a nonnegative finite value.t
Ž . Ž .Integrating 1.1 from t  T to  , and letting  , we have

Žn1.x t   p s f x s ds, t T .Ž . Ž . Ž .Ž .H
t
Repetition of this procedure gives
nk1
 s tŽ .
Žk . Žk .x t  x   p s f x s ds, t T .Ž . Ž . Ž . Ž .Ž .H n k 1 !Ž .t
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 	Further, integrating this equality k times over the finite interval T , t , we
get
k1 Ž j. Žk .x T x Ž . Ž .j kx t  t T  t TŽ . Ž . Ž .Ý j! k!j0
k1 nk1
t s r sŽ . Ž .t
 p r f x r dr dsŽ . Ž .Ž .H Hž /k 1 ! n k 1 !Ž . Ž .T s
k1 Ž j. Žk .x T x Ž . Ž .j k t T  t TŽ . Ž .Ý j! k!j0
k1 nk1
r t s r sŽ . Ž .t
 ds p r f x r drŽ . Ž .Ž .H Hž /k 1 ! n k 1 !Ž . Ž .T T
k1 nk1
 t s r sŽ . Ž .t
 ds p r f x r drŽ . Ž .Ž .H Hž /k 1 ! n k 1 !Ž . Ž .t T
for t T and, in particular,
k1 nk1
r t s r sŽ . Ž .t
x t  ds p r f x r drŽ . Ž . Ž .Ž .H Hž /k 1 ! n k 1 !Ž . Ž .T T
k1 nk1
 t s r sŽ . Ž .t
 ds p r f x r dr 3.6Ž . Ž . Ž .Ž .H Hž /k 1 ! n k 1 !Ž . Ž .t T
for t T. Note here that the inequality
u 1i1 j1 i j1u s   s ds u T   T ,Ž . Ž . Ž . Ž .H i j 1T
T u ,
Ž .where i and j are positive integers, holds. Then we find that 3.6 gives
Ž . Ž .Ž . Ž . 	3.4 with  1 n 1 k 1 ! n k 1 !  0. The proof of Lemma
3.2 is complete.
Ž .Proof of Theorem 1.2. The ‘‘if’’ part is contained in i of Corollary 1.1.
Ž .It remains to prove the ‘‘only if’’ part. Suppose that 1.1 has a positive
Ž . Ž .nk1solution x t of class N with 1 k n 1 and 1  1. Thenk
Ž . Ž .  . Ž .we will show that 1.16 holds. If p t  0 on  , for some   t , then0
Ž . Ž .1.16 is trivially satisfied. Therefore, to prove 1.16 , it is enough to
Ž .  .consider the case where p t  0 on  , for any  t . By the condition0
Ž . n Ž .  .1.21 , there is an  0 such that t q t is nondecreasing on t , .0
Note here that  0 may be chosen sufficiently small so that 0  k.
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Ž .By 3.4 in Lemma 3.2 we have
k nk1x t   t T s T p s f x s ds, t T ,Ž . Ž . Ž . Ž . Ž .Ž .H
t
Ž . Ž . Ž .for some   0 and T  t . Applying i of Lemma 3.1 to the case0
k
 1 k , y t   t T ,Ž . Ž . Ž .
and
Ž .nk1 1 kP t  t T p t f x t x t ,Ž . Ž . Ž . Ž . Ž .Ž .
we conclude that
 Ž .1 kn1t p t f x t x t dt. 3.7Ž . Ž . Ž . Ž .Ž .H
T
Ž . Ž . Ž . Ž . Ž . Ž .By the conditions 1.18 , 1.19 , and 1.21 on p t  c t q t , there are
Ž .c  0 and c  0 such that 2.7 holds. Further, since we consider the1 2
Ž .  .case where p t  0 on  , for any  t , there is t  t such that0 1 0
Ž . n Ž .q t  0. Then the nondecreasing property of t q t implies1
p t  c t tn t nq t  c t nq t tnŽ . Ž . Ž . Ž .1 1 1
for t t . Thus we have1

n1t p t dt.Ž .H
t1
Ž . Ž .By ii of Corollary 1.1 with k 1, we find that x t does not have a
positive finite limit as t . Consequently we have
lim x t  . 3.8Ž . Ž .
t
As is easily seen, there exist positive constants a  0 and a  0 such1 2
that
a t k1  x t  a t k , t T . 3.9Ž . Ž .1 2
Ž . Ž . kSince lim x t   as t , we may suppose that x t  a t for t T.2 0
Then,
1kt  
 x t  t , t T ,Ž .0
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1 k Ž . Ž . Ž .where 
 a . Consequently, using the conditions on p t  c t q t ,2
we find that
p t  c t tn t nq tŽ . Ž . Ž .
n1k 1kn c t 
 x t q 
 x tŽ . Ž . 4 Ž .1
nc1 1k 1kn t 
 x t p 
 x tŽ . Ž . 4 Ž .c2
Ž . 1kn kn dt x t p 
 x t , t T , 3.10Ž . Ž . Ž .Ž .
1 n Ž .where d c c 
  0. Then it is easily verified that 3.5 in Lemma1 2
Ž . Ž .3.2 and 3.7 and 3.10 give
 dŽ . 1k 1knk1 kx t p 
 x t f x t 
 x t dt.Ž . Ž . Ž . Ž .Ž .  4Ž .H dtT
 Ž .	1 k Ž Ž ..Letting r 
 x t and noting that r  as t  see 3.8 , we find
Ž . kthat 1.16 holds with c 
 . This completes the proof of Theorem 1.2.
Ž .Proof of Theorem 1.3. The ‘‘if’’ part is contained in ii of Corollary 1.1.
Ž .It remains to prove the ‘‘only if’’ part. Suppose that 1.1 has a positive
Ž . Ž .nk1solution x t of class N with 1 k n 1 and 1  1. We willk
Ž . Ž .show that 1.17 holds. In the case k 1, 1.17 is reduced to

n1t p t dt. 3.11Ž . Ž .H
t0
Ž . Ž . Ž . Ž .By 1.18 , 1.19 , and 1.22 , there are c  0 and c  0 such that 2.71 2
n Ž .holds, and it follows from the nonincreasing property of t q t that
p t  c t tn t nq t  c t nq t tnŽ . Ž . Ž . Ž .2 0 0
Ž .for t t . Therefore, if k 1, then 3.11 is clearly satisfied. Thus, to0
Ž .prove 1.17 , it is enough to consider the case 2 k n 1 and
Ž .nk1 Ž .1  1. In this case we have 3.8 .
Ž .From 3.4 in Lemma 3.2 it follows that
tk1 nkx t   t T s T p s f x s ds, t T ,Ž . Ž . Ž . Ž . Ž .Ž .H
T
Ž . Ž . Ž .for some   0 and T  t . We apply ii of Lemma 3.1 to the case0
 k1
 1 , y t   t T , andŽ . Ž .
k 1
 Ž .	nk 1  k1P t  t T p t f x t x t ,Ž . Ž . Ž . Ž . Ž .Ž .
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and obtain
  Ž .	1  k1n1t p t f x t x t dt. 3.12Ž . Ž . Ž . Ž .Ž .H
T
Ž .Since x t is in N , there are positive constants a  0 and a  0k 1 2
Ž .satisfying 3.9 . Therefore we have
Ž .1 k1t 
 x t , t T ,Ž .
1Žk1. Ž . Ž . Ž .where 
 a . Using the conditions on p t  c t q t , we see that1
p t  c t tn t nq tŽ . Ž . Ž .
nŽ . Ž .1 k1 1 k1n c t 
 x t q 
 x tŽ . Ž .½ 5 ž /1
nc1 Ž . Ž .1 k1 1 k1n t 
 x t p 
 x tŽ . Ž .½ 5 ž /c2
Ž . Ž . Ž .n  k1 1 k1n dt x t p 
 x t , t T , 3.13Ž . Ž . Ž .ž /
1 n Ž .where d c c 
  0. Then it is easily verified that 3.5 in Lemma1 2
Ž . Ž .3.2 and 3.12 and 3.13 give
 Ž . Ž . Ž .nk  k1 1 k1x t p 
 x t f x tŽ . Ž . Ž .Ž .H ž /
T
d Ž .1 k1 
 x t dt.Ž .½ 5dt
 Ž .	1Žk1. Ž . Ž .Putting r 
 x t and noting 3.8 , we find that 1.17 holds with
c 
Ž k1.. This completes the proof of Theorem 1.3.
Ž . Ž Ž .. ŽRemark. In the condition 1.21 resp., 1.22 of Theorem 1.2 resp.,
.Theorem 1.3 , it is impossible to take  0. To see this, consider the
Euler equation
x Žn.  tn x 0, t 1, 3.14Ž .
where n 2, 1 or 1, and  is a positive constant. In this case we
Ž . n Ž . n Ž . Ž .suppose that p t   t , q t  t , c t   , and f x  x. Let k be an
Ž .nk1 integer satisfying 1 k n 1 and 1  1. Denote by  thek
Ž . Ž .maximum value of the polynomial   1   n 1 on the
 	 interval k 1, k . It is easy to see that   0 and that if  satisfiesk
 Ž .0   , then the indicial equation for 3.14 ,k
  1   n 1   0,Ž . Ž .
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Ž . Ž . khas a root  in the open interval k 1, k . Then the function x t  tk
Ž .is a positive solution of 3.14 and is of class N . In this example, whilek
n Ž .  . Ž .t q t is nondecreasing and nonincreasing on 1, , neither 1.16 nor
Ž .1.17 is satisfied.
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